Abstract. The main result of this note is an effective uniform bound for the number of deformation types of certain non-isotrivial families of canonically polarized manifolds. It extends the author's earlier such bound for the classical Shafarevich Conjecture over function fields to the case of higher dimensional fibers, but without the disadvantageous iterated use of Chow or Hilbert varieties that was the core of the proofs in the earlier approaches.
1. Introduction and statement of the effective result 1.1. The classical case. Let B be a smooth complex projective curve of genus q ≥ 0. Let S ⊂ B be a finite subset of cardinality s. The following statement was conjectured by Shafarevich and proven by Parshin ( [Par68] , case S = ∅) and Arakelov ( [Ara71] ). Theorem 1.1 ( [Par68] , [Ara71] ). Let g ≥ 2 be an integer. Then there are only a finite number of isomorphism classes of nonisotrivial minimal families f : X → B of curves of genus g with X smooth such that f : X\f −1 (S) → B\S is a smooth family.
Recall that a family of varieties is called isotrivial if generic fibers are isomorphic to each other.
In the article [Cap02] , Caporaso proved that the number of nonisotrivial families in Theorem 1.1 can be bounded by a uniform (but inherently ineffective) constant depending only on (g, q, s).
Finally, the article [Hei04] proved an effective uniform bound for the number of nonisotrivial families in Theorem 1.1, again depending only on (g, q, s). The effectivity is achieved by using Chow varieties instead of stable reduction andM g as in [Cap02] . For the exact statement, we refer to [Hei04, Theorem 1.2]. The following is a brief outline of the strategy of proof used in [Hei04] .
We assume q ≥ 2, because the remaining cases q = 0, 1 can simply be handled by executing a degree 2 base change to a curve of genus 2.
Let f : X → B be one of the families under discussion. Since q ≥ 2, X is a manifold of general type and there exist a finite number of rational (−2)-curves C i (i ∈ I) with i∈I C i ⊂ f −1 (S) such that, by a well-known theorem of Bombieri, the 5-canonical map ϕ |5K X | : X → P(H 0 (X, O X (5K X ))) =: P m X is an embedding on the complement of i∈I C i and contracts the C i to rational double point singularities. In [Par68, Proposition 2] it is stated that m X ≤ 50 · 5 2 (gq + s) = 1250(gq + s) =: m as a consequence of the RiemannRoch theorem. We can assume (after linear inclusions) that m X = m for all families.
Since the degree of the divisor 5K X on the smooth fibers X b is equal to d := 5(2g − 2) (independently of b), there corresponds to every family
We follow the standard convention that Chow 1,d (P m ) denotes the Chow variety of 1-dimensional cycles of degree d in P m . Since B is a smooth curve and Chow 1,d (P m ) is projective, there exists a unique extension ψ X : B → Chow 1,d (P m ) that coincides with ψ 0 X on B\S. Clearly, no two nonisomorphic families with the properties described in Theorem 1.1 can correspond to the same isomorphism class of morphisms ψ : B → Chow 1,d (P m ). Thus, we are left with bounding the cardinality of the set of isomorphism classes of such maps ψ X , which is achieved by bounding the degree of the graphs Γ ψ X ⊂ B × Chow 1,d (P m ) and then applying a rigidity argument to Γ ψ X in conjunction with an estimate on the complexity of a certain Chow variety of cycles in B × Chow 1,d (P m ). This finishes the proof.
An undesirable feature of the proof outlined above is that it requires considering Chow varieties twice in an iterated fashion (see the last sentence of the sketch). This is similar to Parshin's original boundedness proof and disadvantageous in more than one way.
First of all, the numerical bound obtained in [Hei04] is rather large due to this fact. Secondly, a generalization to the analogous situation with higher dimensional fibers is met with numerous technical difficulties. The purpose of this note is to treat the situation with higher dimensional fibers effectively using a Chow variety only once. While the resulting good effective bound should be interesting in its own right, one can take the point of view that the main achievement of this work is the introduction of a technique that allows for the removal of the second use of a Chow variety.
1.2. The case of higher dimensional fibers. If the smooth fibers of f in Theorem 1.1 are taken to be canonically polarized compact complex manifolds instead of curves of genus at least 2, then there is no analogous finiteness statement. The reason is the following. Take a nonisotrivial family of curvesf : Y → B as above and a smooth complex projective curve C of genus at least 2. Let f be the map
This family of surfaces continues to be nonisotrivial, but it is not rigid, since a deformation of C gives a deformation of f in the sense described below.
Here is the set-up which we will consider in this paper. Let B be a smooth complex projective curve. We assume that its genus q is at least 2, because the cases q = 0, 1 can again be obtained easily by base change. Let S ⊂ B be a finite subset of cardinality s. These choices are considered arbitrary but fixed for the remainder of the paper. Let X be a projective manifold of dimension n + 1. A nonisotrivial family f : X → B such that f : X\f −1 (S) → B\S is a smooth family of canonically polarized compact complex manifolds is called admissible. Note that the condition of canonical polarization is not usually included in the definition of admissibility, but since all our admissible families will have canonically polarized fibers, we include it nevertheless. Definition 1.2. Let T, X be connected quasi-projective varieties. A deformation parametrized by T of the admissible family f : X → B is a holomorphic map F : X → B × T such that F :
Two admissible families f 1 : X 1 → B, f 2 : X 2 → B are said to be of the same deformation type if there exist T, X as above and F, a deformation parametrized by T of f 1 , such that F :
As for the history of our problem, recall that Bedulev and Viehweg proved the following in [BV00] under the assumption that the Minimal Model Conjecture holds. Let f : X → B be an admissible family such that one (and therefore every) smooth fiber has Hilbert polynomial h. Then the number of deformation types of admissible families over B whose smooth fibers also have Hilbert polynomial h is finite. Kovács and Lieblich [KL09] then showed that this number can uniformly, but ineffectively, be bounded by a constant depending only on q (the genus of B), s (the cardinality of S) and h.
The following Theorem is the main result of this note. The constant m is defined in Definition 2.2. The square brackets indicate moving selfintersection numbers (see [Laz04, Definition 11.4 .10]). We need to resort to moving self-intersection numbers because we are not making any positivity assumption on the canonical divisor K X aside from the automatic bigness due to the subadditivity theorem of Kawamata [Kaw82] (see also [Kol87] and [Vie83] ) and the positivity coming from the nonisotriviality. Moreover, for the remainder of the paper, we choose a fixed base point b 0 ∈ B\S and let F denote the fiber X b 0 . It is well-known that it follows from the Riemann-Roch theorem that the divisor L B = (2q +1)b 0 on B is very ample. Remark 1.4. When K X is nef, the effective bound in expression (1) can be estimated from above in terms of (K n+1 X , K n F , n, q) as explained in Remark 2.6 and Lemma 2.7. It would then clearly be desirable to bound K n+1 X in terms of (K n F , n, q, s). In the case of 1-dimensional fibers, this is done in [Par68, Proposition 1]. However, in the higher dimensional situation, it does not seem to be known how to accomplish this. Definition 2.2. From now on, let m be the round-up of the constant from Lemma 2.1 for η = n. If m is odd, we increase it by one to make it even.
The following Lemma will allow us to use Lemma 2.1 on the fibers of an admissible family in order to get an embedding of X\f −1 (S) into projective space with effective control. 
yield an embedding of X\f −1 (S ∪S) into P (k+1)(p+1)−1 (with homogeneous coordinates
Proof. Since f is nonisotrivial, the locally free sheaf f * O X (mK X ) is ample on B (see, e.g., [Vie01, Proposition 4.6]). Moreover, from Siu's invariance of plurigenera [Siu98] , it follows that
Then [Kov02, Lemma 7.6] yields that K X is ample with respect to X\f −1 (S).
We now apply Takayama's extension theorem [Tak06, Theorem 4.1], which is in turn based on work of Siu [Siu02] . We refer the reader to [Tak06, Theorem 4.1] for the precise statement and simply note that Takayama's divisor L is K X + qF in our situation, and S is F . According to the extension theorem, the sectionsσ 0 , . . . ,σp extend to elements of
Lemma 2.1 tells us that the extended sectionsσ j (j = 0, . . . ,p) yield an embedding of all smooth fibers X b where b is not in a finite subsetS. Namely, we can take this finite subsetS to be the locus of points b where the fiber X b is smooth, butσ 0 | X b , . . . ,σp| X b are not linearly independent.
Since L B is very ample, and by the properties of the Segre embedding, it is now clear that theτ i,j yield an embedding of X\f −1 (S ∪S) into P (k+1)(p+1)−1 . 
yield an embedding of X\f −1 (S) into P (k+1)(p+1)−1 (with homogeneous coordinates [X 0,0 , . . . , X k,0 , . . . , X 0,p , . . . , X k,p ]).
We will denote this embedding by ϕ 1 . By the Riemann-Roch theorem, we have that
The following Proposition will give an upper bound for p = h 0 (X, O X (mK X + m 2 (q + 1)F )) − 1. The corresponding case of a very ample divisor was treated in [Hei05, Proposition 1.6]. Similar arguments already appeared in [Mat72] and [LM75] . The square brackets again indicate moving self-intersection numbers (see [Laz04, Definition 11.4.10]).
Proposition 2.5. Let X be an n-dimensional compact complex manifold and L a big divisor on X such that the linear series |L| induces a birational map from X to projective space. Then
Proof. We proceed by induction on the dimension, with the case n = 1 following immediately from the Riemann-Roch theorem.
Let the effective divisor D be a general element of the linear series |L|. By [Har95, Proposition 18 .10], D is irreducible. It follows from the standard short exact sequence
Simply by pulling back sections, we have
By applying the induction hypothesis to D ′ , we can furthermore conclude that
Since h 0 (X, O X ) = 1, this proves the Proposition.
Due to Proposition 2.5, and possibly after a linear inclusion, we can and do assume from now on that p is actually equal to its largest possible value p max . Remark 2.6. When K X is nef, p max in Theorem 1.3 can be replaced by an explicit bound in terms of (K n+1 X , K n F , n, q) obtained as follows: According to Kollár's effective base point freeness theorem [Kol93, Theorem 1.1],mK X is base point free form := 2(n + 3)!(n + 3). Now bothmK X andm 2 (q + 1)F are base point free, and the moving selfintersection number of their sum is just the usual one. Consequently,
The following upper bound on the degree of the closure of the image of X\f −1 (S) under ϕ 1 is also crucial for our effective argument.
Lemma 2.7. The degree of ϕ 1 (X\f −1 (S)), i.e., the closure of the image of X\f −1 (S) under ϕ 1 , is
When K X is nef, we have the following upper bound:
Proof. It follows straight from the definition of moving self-intersection numbers that the degree of ϕ 1 (X\f −1 (S)) is
With the same argument concerning effective base point freeness as above, this can be estimated as claimed in the Lemma.
Let ϕ 2 be the embedding of B into P k given by the sections s 0 , . . . ,
. There is a commutative diagram
Here, ι denotes the inclusion map and π : P (k+1)(pmax+1)−1 → P k the rational projection map onto the first k + 1 homogeneous coordinates, which are X 0,0 , . . . X k,0 .
Lemma 2.8. The restricted map
is holomorphic and can be extended to a holomorphic map
such that the diagram
is a commutative diagram of holomorphic maps. In fact, the diagram is an isomorphism of families.
Proof. The map
is clearly holomorphic by construction. Let x ∈ X\f −1 (S) be such that σ 0 (x) = 0. Then let π(ϕ 1 (x)) = ϕ 2 (f (x)). All remaining claims are obvious.
We now turn to the key argument that makes the second use of a Chow (or Hilbert) variety, which was the core of the proofs in the earlier approaches, unnecessary.
The degree of ϕ 2 (B) in P k is equal to d B := 2q + 1. It is well-known (and easy to establish by using general linear projections) that there is a finite set of homogeneous polynomials of degree
We now lift the f α (X 0 , . . . , X k ) to homogeneous polynomials f α (X 0,0 , . . . , X k,0 , . . . , X 0,pmax , . . . , X k,pmax ) by letting f α (X 0,0 , . . . , X k,0 , . . . , X 0,pmax , . . . , X k,pmax ) = f α (X 0,0 , . . . , X k,0 ).
The set {f α } α defines a subvariety W of P (k+1)(pmax+1)−1 , which is simply π −1 (ϕ 2 (B)).
Let Chow κ,δ (W ) be the Chow variety of κ-dimensional subvarieties of W of degree δ. Let Chow 
When we apply Proposition 2.9 to our situation, we find that d B = δ 1 ≤ δ 2 = d. Therefore, if we let N = (k + 1)(p max + 1) − 1, the number of irreducible components of Chow
The proof of Theorem 1.3 will therefore be finished once we have proven the following Proposition. Proof. Let f : X → B be an admissible family. The same arguments as in the proof of Lemma 2.8 show that there is a commutative diagram of holomorphic maps as follows:
. We can now finish the proof of the Proposition as follows. Take any two admissible families f 1 , f 2 that give rise to the same component of Chow 
There is a Zariski-open neighborhood U of [Z] in a component of Chow
be the obvious map induced by G ′ 1 and G ′ 2 . Then f 1 , f 2 are of the same deformation type due to F, which is a deformation parametrized by T that connects f 1 and f 2 . Proof. In order to prove the Corollary, we simply have to bound the constants appearing in (1). Note that the minimality assumption in the Corollary implies that K X is nef.
Since 3K F is very ample for 1-dimensional fibers and due to Bombieri's theorem mentioned in the Introduction, there is no need to use the effective base point freeness theorem, and we can simply letm = 6. According to Lemma 2.7, d can be estimated from above by 
